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In this talk the description of gauge theories associated with internal symmetries is extended 
to the case in which the symmetry group is the space-time translation group (recovering 
Einstein's theory) using the standard jet-bundle formalism. We also reformulate these theo- 
ries introducing the idea of jet-gauge and jet-diffeomorphism groups. Finally, we attempt to 
l/^ . a simple, yet non-trivial, mixing of gravity and electromagnetism (or more general internal 

O : interaction) by turning to gauge symmetry a central extension of the Poincar. group. 

(N 

1 Introduction 

The formulation of gravity as a gauge theory appeared for the first time in Utiyama's works, following an 
structural scheme analogous to that of internal symmetries which had been introduced by Yang-Mills, and 
even earlier by Weyl in his attempts to unify electromagnetism and gravitation. After Utiyama's work, there 
have been many authors ([El [Tl[Ta[Ta[Ta[THlITai23iniEaE3IMll2Sll23l2ZIEHll^ etc) who have 
^ ' tried to describe gravitation in the framework of gauge interactions. Nevertheless, there is some ambiguity 

about which external symmetry group is the correct one, i.e. Poincare or just one of its subgroups. Another 
difference with respect to the internal case is that when dealing with space-time groups it is necessary to 
, introduce new compensating fields k^, usually known as tetrads or vierbeins, that allow the definition of a 

' non-trivial metric g^^^, starting from the flat metric of Minkowski space-time rj^i,. 

lO , The traditional formulation of gauge theories is developped by means of the Lagrangian formalism on the 

' 1-jet bundle J^{E) of a bundle E on the Minkowski space-time. It is also assumed as a starting point, the 

, hipothesis of invariance of the action associated with some matter fields under the rigid (global) symmetry 

Lie group of the free theory. But this procedure would not have a full sense if we desired to study pure 
. radiation from the very begining, since we would not have any matter Lagrangian. Another problem of the 

usual treatment of gauge theories is related to the interpretation of the gauge potentials as connections, which 
as is well-known do not transform as a tensor. 

In this paper we present gravitation as a consequence of gauging the space-time translation group T{A) with 
very little deviation from the standard theory. It is worth noting that it is absolutly fair to consider non-trivial 
■ translational potentials A'^ associated with the trivial action of the group T(4) on the fibre, though they are 

redundant and the constraint fc^ = (S^ -I- A'^ are required to maintain inaltered the total number of degrees 
of freedom of the theory. But the relevance of recovering Einstein's equations in the framework of the gauge 
theory of T{A) is fundamental from the viewpoint of generalizing the conceptual and structural formulation of 
gauge gravitation theories. In this paper we also present a deep revision of the Minimal Coupling Principle, 
where the interpretation of gauge fields as connections and the requirement of the matter Lagrangians are 
removed. The main idea of this reformulation is the concept of "jet-diffeomorphism group" of a manifold 
M, J^{'Dif f{M)), with coordinates (^'^,^y). In this way, the compensating fields (tetrads or vierbeins) 
can be interpreted as k^ = that is, the compensating fields k^ can be considered as the 1-jets of the 
diffeomorphims of Minkowski space-time. As a consequence, both indices of fc^ are space-time indices. We 
would like also to remark that we are keeping the name "gauge" for the case of the translation group because 
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the general structure of the theory is similar to the structure of gauge theories for internal symmetries. But 
as was mentioned before, the additional compensating fields fc^ are related to the coordinates of the bundle 
J^{Vif f{M)) and we should properly speak of diffeomorphisms of M. 

The version for internal symmetries arises with the idea of "jet-gauge group", G^(M) = J^(G(Af)) with 
coordinates = A''^^), where we denote by G{M) the gauge (current or local) group. The gauge 

potentials A^^' are interpreted as the 1-jets of the Lie group parameters departing from the traditional 
interpretation as connections. Moreover, in this framework the parameters of the Lie group (that is, the 
functions used to gauge the rigid Lie algebra in the standard formalism) acquire dynamical content. 
The paper is organized as follows: Section 2 is devoted to the formulation of the variational principles on 
the jet bundle J^{E). In section 3 we revise the formulation of the gauge theory for internal symmetries and 
show its corresponding decription in terms of jet-gauge groups. Section 4 is devoted to the gauge theory of 
the space-time translation group T(4) and the Lagrangian formalism on J^iVif f{M)) in order to describe 
gravity as a variational problem via the Modified Hamilton Principle on the bundle of the 1-jets of the 1-jets of 
the group of diffeomorphisms of Minkowski space-time J^{J^{Viff{M))). In section 5, we show an approach 
to the mixing between electromagnetism and gravity. Finally, we conclude in section 6 and incorporate an 
appendix about the Lagrangian formalism on J^{J^(E)). 



2 Lagrangian Formalism on the Jet Bundle J^{E) 

Classical Field Theory is traditionally formulated on the l-jet bundle J^{E) of a vector bundle E ^ M on 
Minkowski space-time or any other space-time manifold (see e.g. [El ^3)- The sections of E, i.e. mappings 
If from the base manifold M to the total space E such that tt o = 1^, constitute the fields, and the l-jet 
bundle generalizes to field theory the definition space for Lagrangians in ordinary Analytical Mechanics, that 
is, T{R^) X R R, where R is parametrized by the time t and T{R^) by q^). We give the formal 
construction of the jet bundle of a general bundle E, non-necessarily a vector bundle. 

The four first greek letters (a, /3, 7, S) will denote spinorial indices of the matter fields and the rest of the 
greek alphabet (e, /z, i', r, ...w = 0,1,2,3) will be used to denote space-time indices. Let us consider a 
bundle E, tt : E ^ AI, and name T{E) the space of sections of E. We define the bundle of the 1-jets of r(£^) 
as: 

J\E)^^-^^ (1) 
where the equivalence relation ^ is defined as follows: 

X = x' 

{ip,x)^{ip',x')^ { ifiix) = ^'{x) (2) 
9p(^(x) = dy,Lp'{x), 

\/{ip,x), {ip',x') £ r(£') X AI. The cartesian projection {(p,x) 1-^ x defines a natural projection tt^ : J^{E) 
AI. 

Locally, we can parametrize E by co-ordinates (x'^, tp") defined on tt^^{U), U C AI. In fact, let us define 
the following fimctions on r(7r^^(J7)) x U: 

ip":{ip,x) ^ V^Mx)) 

^^:(^,a;) ^ d,,^"{^{x)). (3) 

They are compatible with the equivalence relation ^ and, therefore, go to the quotient defining the corre- 
sponding functions {f", t/sJJ). 

The starting point of the geometric approach to the variational principles is the definition of the La- 
grangian density as a real function C : J^{E) — > i? on the bundle J^{E) of a vector bundle E. Lagrangians 
depend locally on the arguments (x^, (y9^), although usually, due to the Poincare invariance, C will not 
depend explicitly on x''. 

Let iy9 be a section of E. The l-jet extension (or prolongation) of (p, j^{f>) = ^, is the only section of 
J^{E) such that j^ is an injection of r(£') into T{J^{E)) and 6" |ji(^)(M)= where are the structure 
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1- forms defined on J^{E) by 

6i« = difi" - if'^^dxi'. (4) 
Given an arbitrary vector field X onE,X & T{T{E)) = X{E), 

d d 

X = X^'—+X°'- — , (5) 

acting on th.e space-time and on the fibre, its 1-jet extension (or prolongation) through the injection is the 
only vector field j^{X) = X on J^{E) such that X projects on X, that is, 

and it is an infinitesimal contact transformation, i.e. 

r = ciei" , (7) 

where Lx is the Lie derivative with respect to the vector field X, and are constants. 
This second condition implies that 



dX- dX>^ 



„dX" fdX" „dX''\ 

— W — h — r. LO 7r 



Given a Lagrangian density £, the Hamilton functional (the action ) <S is the mapping from T{E) to R 
defined by 

<S : T{E) R 

S{^)=( C{j\^)y*^, (10) 

V(/3 e r(_B), where uj = dx^ A dx^ A dx"^ A dx^ is the volume 4-form on M and 7r^*a; its pull-back to J^{E) (to 
be denoted just u> in the sequel). 

The Ordinary Hamilton Principle states that the critical sections (trajectories) of the variational problem 
are the solutions of 

(55),i(^)(X)^ / L;f(£(/(<p))a;)=0, 

where X is an arbitrary vector field on E. 

As is well known, this principle leads to the usual Euler-Lagrange motion equations 



dC d f dC 



dip"" dxt^ \d(f>'jl 



0. (11) 



The variational calculus can by generalized through the Modified Hamilton Principle, which varies sections 
of J^{E) rather than sections of E. To this end a modified Hamiltonian action : T{J^{E)) — > is defined 
as follows: 

S\ip')= [ Qpc, (12) 

J^p^{M) 

where 6pc, the Poincare-Cartan(-Hilbert) form is a n = dimM form which generalizes that of Mechanics, 

dL 

W 



§k{dq' - q'dt) + Ldt = Pidq' - Hdt: 



dC 

Qpc = -g-^idip^ -^yxn/\9^ + Cu; 

-dp><^ A6^-[—p,",-C]uj 



= TT^dip'^ Ae^-Huj , (13) 
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where 6^ = i_a_uj. In the regularity case, i.e. det{ g^ ) ^ 0, 7i is the covariant Hamiltonian and tt^ the 
n covariant momenta. 

The Modified Hamilton Principle stabhshes that the physical trajectories are those sections of J^(E), 
points in V{J^[E)), where the derivative of the action (|12|l is zero: 

{6S')^i{X^) = f LxiQpc^O, yX^eX{j\E)) 

^ ix^dQpc\^i=Q. (14) 

Equations (|14(l generalize the Euler-Lagrange ones Hll|l and, in the case of regularity, reproduce them 
and provide the covariant Hamilton equations j44j: 

dn^ ~ dxt' ' dip" ~ dxt" ' ^ ' 



3 Gauge Theory of Internal Symmetries and Jet-Gauge Groups 

Let us consider a matter Lagrangian density 

/:™att(^",^^) (16) 

and the corresponding action 

S = J Cmatt (17) 

Let us assume that S is invariant under a global (or rigid) Lie group of internal symmetry G, i.e.. 



L 



X, 



{C^att 0J)^Q (18) 



where ^(a) = J^(^(a)) is the jet extension of the generator 

(19) 

of G (whose components on have been suppresed since we have supposed that G does not act on the 
base manifold M) satisfying the commutation relations 

We use the labels (a), (6),... to denote group indices. Needless to say that the term LL^lo = since 
div{X) = 0. 

According to the general expression for the jet extension and the assumption of the internal action of G, 
the invariance of the action under the rigid group G may be written simply as: 



3C 3C 

X^a)Cmau[^'^.V%) = X^^^^ ^^{^" , ^^) + ((p" , ^^) = . (20) 



Now we wish to study the invariance of the action under the ("current", "local" or) gauge group G{M). 
The corresponding Lie algebra is the following tensor product: 

.F(M)®5 = {/(")X(,)}, (21) 

where J-{M) is the multiplicative algebra of real analytic functions on M, and Q is the Lie algebra of the Lie 
group G. Now the jet extension of the generators of this new algebra takes the form: 
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We see that the jet extension of a generator in (|21|l is no longer a tensor product but, rather, it acquires 
extra terms: 

/(«)^(.) = /("^%) + ^ia^yi^g;^^ ■ (23) 

Therefore, 



and, in order to restore the invariance, we have to introduce new compensating fields (usually known as 
Yang-Mills fields) A^/^^ with the following transformation law under G{M): 



X^,., ^ = f^'^C^A'^ + ^ , (24) 



dxt' 

where C^^ are the structure constants of the Lie algebra Q. 



Then, we must consider the generators acting also on the new fields ^{f"*: 



(25) 



Now the situation is as follows: we have introduced new fields ^If-* to modify the behaviour of the original 
Lagrangian of matter so that we have to find, on the one hand the expression for the new Lagrangian Cmatt 
containing the matter fields and their interaction with the new compensating fields A^""* and, on the other, 
the free Lagrangian Cq corresponding to the new fields, which should depend on the new fields variables and 
their first derivatives, i.e. A\!^)t- Let us establish the required process under the aspect of a two-parts 

theorem to be referred to as Utiyama's Theorem (as suggested in mathematical literature) without aiming 
at a too formal presentation. Proofs of theorems will be presented elsewhere. 

Theorem l.A (The Minimal CoupUng): The new Lagrangian describing the matter fields as well as 
their interaction with the new compensating fields A^f ^ , 

A„.«((/.",^^,4'^)) ^ /:„,„„(^",(p^ -4'^)X(",)^^'5), (26) 

is invariant under the current group G{M) in the sense that 



f^-)X(a)Craau{v''.^%A^^y)=(). (27) 



Thus, as Corollary l.A, we conclude that the matter fields interact only with the new compensating 
fields and not with their derivatives and the actual interaction term appears in the Lagrangian through the 
combination 

0^=¥'^-4"^^(a),^^ (28) 

usually known as covariant derivative of the matter fields (on this respect, see the end of this subsection). 

The introduction of the new compensating fields naturally leads to considering a new action accounting 
also for the dynamics of these new fields with Lagrange density Cq: 

+ Cooj). (29) 

Since we have already seen that J Cmatt w is invariant under G(Af), imposing the invariance of S' requires 
the invariance of J Cq lu itself. That is, the free Lagrangian Cq, containing the new compensating fields 
and their first derivatives, must be invariant under the current group G{M): 

7R^/:o(4^\aW) = o. (30) 

In the proof of the following "theorem" we solve this system and obtain the structure of Cq. 
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Theorem l.B (Structure of the free Lagrangian Cq): The necessary condition for Co to be invariant 
under the current group G{M) is that Cq depends on the fields A^"-* and their "derivatives" A^i^J, only through 
the specific combination: 

F^,i> ^ 4"^ - - ^Q°c(4''4^ - 4^4'^) ' (31) 



I.e. 



/W A'(,)£o(4\ 41) = =^ £o - /:o(F^:') . (32) 

The expression (|31|l is traditionally called "curvature" of the "connection" ^{f'' (see again the end of this 
subsection) . 

It should be remarked that the actual dependence of Cq on the tensor F is not fixed and must be chosen 
with the help of extra criteria, for example the invariance under the rigid Poincare group. In particular, to 
account for the standard Yang-Mills equations the Lagrangian must be of the form 

dimG 

A E F^I^^I^V^'^V"' ■ (33) 

For space-time symmetries the ambiguity in the specific dependence of Cq will be patent. 
Euler- Lagrange equations 

Let us consider the Lagrangian density Ctot = Cmatt + Cq, where Cmatti'^" a'^u'') = Crnatt{^°' , v"^ - 
A]^'' X?.^ip^). Then, the equations of motion are given by: 



d I dCmatt \ dCmatt ^ -^f3 ^( a) ^^matt ^ (OA\ 



(35) 



Remark: To finish the section corresponding to internal symmetries, we would like to note that, on sections. 




Introducing the notation (spin connection) 

and taking into account the commutation relations 

the tensor _F)1°'' can be turned into a curvature tensor: 

i?^,^ ^ Fl^l^x^^^^ = d,r:, - a.r^^ - ic,",(4f)4^)(X(„))| - 4'')4)(X(,))^) 

= 9fj.^"fj ~ - (r^-,r2!/3 - ^up^Jip) ■ (37) 

Accordingly, the Minimal Coupling prescription can be easily reformulated by saying that the matter La- 
grangian incorporating the interaction terms is obtained from the original one by replacing all derivatives of 
the matter fields with covariant derivatives, and that the Lagrangian for the connections must be a function 
of the curvature. 

Now we would like to present a conceptual and structural revision of the standard formulation of gauge 
theories, in such a way that the gauge group acquires dynamical character, and associated natural structures. 
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which substitute the well-known spin connections, appear as physical fields (and these are tensorial objects) 
irrespective of the existence of fcrmionic matter. 

Let G be a Lie group of internal symmetry, G{M) the gauge group (also named current group), whose 
elements are the mappings from Minskowski space-time M into G (thus G{M) may be viewed as the set 
of sections of a principal bundle with structural group G). Let {x^} be a coordinate system on the base 
manifold M and {f""} the corresponding coordinate system on the fibre G. Let's introduce the bundle of the 
1-jets of the gauge group G{M): 

J\G{M)). 

The formal definition of J^{G{M)) is given through the relation of equivalence in the following way: 

J^{G{M)) = G{M) X M/ ~i 

such that 

($,m) ~^ ($',m') 
for all ($, m),($', m') belonging to G{M) x M, if and only if 
1) 

m = m' , 

2) 

$(m) = $'(m) , 

3) 

9^$(m) = a^$'(m). 

This definition may easily be extended to the order r. 
A coordinate system for J^{G{M)) would be 

where (p'^ is not necessarily the derivative of any section Lp^-^x). In order to introduce "derivatives" of the 
fields in the theory, we introduce the bundle of the 1-jets of the 1-jets of the gauge group 

J\J\G{M))), 

defined in an analogous way as J^(G(M)) (see the Appendix). 

A suitable coordinate system for J^(J^(G(M))) is, according to the appendinx devoted to the Lagrangian 
formalisn on J^{J^{E)), 

According to the more usual field theory notation we have replaced the coordinates y and z of the appendix 

by iy9" and (/?". 

Once we have a certain coodinates system we can construct Lagrangian densities defined on ( (G(M))) 
and now we will explicitly proceed to study the abelian and non-abelian internal cases. 

3.1 Abelian internal gauge interaction 

The associated Lie group is U{\) and the coordinates that we will use {(j), (jy^; <j)^v, (t^n,v}- Due to the invariance 
under Poincare group the Lagrangian will not explicitly depend on x^^. The more general scalar Lagrangian 
on J^(J^(f/(l)(M))) is given by the following combination with coefficients that will be determined later: 

+h(l)f,(f>'f' + j(f>(l) . 

Now we write the motion equations derived from the Modified Hamilton Principle: 
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dxi^ \d(p^f^J ' dcf) ' d(p \d(t>^^) \^x^^ 

-2gd^<l>'^' - hd^r + ecj^^, + e'n'"'{d^<i>u - + ^jcj) = 

Making the following choice of coefficients: 

2a = 1 
2/ = -m^ 
26= -1 

h = e 
c = 

2j = -M2 

we arrive at the following equations: 



5<j),a : 



where we have used the two previous equations. This equation contains two variants: Maxwell equations 
(m = 0, the electromagnetic field being = (p^) and Proca equations (m ^ 0). If ^ then, deriving 
with respect x" the last equation, 
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we get the transversality condition 



And finally, 

Sep : d/.d^cj) + M'^cj) = . 

This is the Klein-Gordon equation for the scalar field (p. The role of these extra fields is quite analogous to 
that of the Goldstonc bosons which appear in the Spontaneous Symmetry Breaking mechanism. 
With the additional choice h = e = 0, the Lagrangian C^^l^i takes the form 

1 ™2 1 7i/r2 

3.2 Non-abelian internal gauge interaction 

The coordinate system in this case is denoted by {4>°',<t>^',<p'^^,<t>1j,^v)- analogy to the previous case, let us 
consider the following Lagrangian on J^{J^{G{M))): 

where 

1 m'^ 1 Af^ 

and are the structure constants. Using the Modified Hamilton Principle the motion equations read: 



_^ / £M w 9/ _ , \ a / /a^ _ , 



A I'M 



Using the equation c^i/^^ — d^cj)'^ = (p'^ ^, — (p'^^^^, it follows 

CiaiSftV^-r^Si + 5s,cP'''^r,'^^5l){d^cPl - cp^^) = 
and, therefore, the third motion equation reads: 



c Adu lea 
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Making the choice of coefEcients: a = — 1 and 4/3 = 1, we obtain 

Taking m — Q, this equation is the Yang-Mills motion equation, if we identify A^"^ = (f)'^ as the gauge 



fields. 

Finally, 



= 



This is the Klein-Gordon equation for the scalar fields 



4 Gauge Theory of the Space-Time Translation Group T(4) and 
Jet-Diffeomorphism Groups 



Let us consider the matter action 



S = J Cmatt{^",'P''^)d^X , (38) 



where = on jet sections. 

The general form of a generator of an arbitrary Lie algebra Q (of a Lie group G) is: 



and its jet extension: 



d d 

X = X^—+X''— , (39) 
^x^' dtp" ^ ' 



where 



The invariance condition of the action under the Lie group G implies the following invariance condition for 
the Lagrangian density: 

X£(^«,^-) + £(<p«,<p«)a^X'' = 0. (42) 
Let us take G = T'(4), the space-time translation group. The generators of the translation group are given by 
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(43) 



^r.)='5^ (44) 

where (a) = (v) is the group index. 

The rigid (global) translational invariance condition reads 

d^^C = 0, (45) 

that is, the Lagrangian density does not depend explicitly on x. 

From the algebra point of view, making the parameters of the group depend on x is equivalent to multiply 
the generators by arbitrary functions of x : 

Xg<^uge = x^(x)— = f^' (x) — (46) 



The invariance is broken and in order to restore it we introduce the compensating fields (and their inverse 
q^: k^q^ = S^), whose transformation law under the local T(4) is given by: 

^>'^.^K = K^ ■ (48) 
We must consider the generators also acting on the new compensating fields: 

X9uu,e ^ ^.(^)_^ + k;d.f(^Hx)^ (49) 

where 

x; ^ ^zd^nx) (51) 



Xfe.^ = ^ + - daX^k^^^ = k'^dM^ix) + kl^d.r - Kpd.rix). (52) 

Note that the expression of -^fc^^ arises from the general expresion of X". 

Theorem 2. A (The Minimal Coupling): The new Lagrangian describing the matter fields as well as 
their interaction with the compensating fields 

Lmatti^", k;) = jCmatti^", fc>^) (53) 
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is invariant under the gauge group in the sense that 



A^"ima«(V'",<,fcP=0 . (54) 

Theorem 2.B (The matter action): The new action describing the matter fields as well as their interaction 
with the compensating fields fcj^ 

Smatt= J ALmatt{'P",^';i,k;)d''x (55) 

is invariant under the local r(4), where 

A = det{q;) . (56) 

Theorem 3. A (The Lagrangian Cq for the compensating fields): The necessary condition for Cq to 
be invariant under the local T(4) is that Co depends on the fields and their "derivatives" fc^^^ only through 
the specific combination: 

^(UL/ = Ipik^fik^ ~ k^,ekt) ■ (57) 

Theorem 3.B (The action for the compensating fields): The new action describing the compensating 
fields A;!: 

So = l £o{k;,k;^,) = I ACo{T;,)d'x (58) 

is invariant under the local T(4) . 
Conclusion: 

Starting with an invariant action under the rigid T(4) 



S= I Cmatt{v>'^,^l)d^x (59) 



we have proved that the new action 



S = j £(<p«,<p«,fc^^,fc^^,Jd4a; 
is invariant under the local T{4), where 



(60) 



£(^", (^«, fc^;, A:^;, J = £„„«((/p", A:^;) + £o(A;£:, A^^, J (61) 

with 

^matt (^", fcp ^ A£„„it(^", fc^(^2) , (62) 
Co{k>i,k>i^,) = KCo{TI^,) , (63) 
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A = det(gp . (64) 

Remark: Wc can introduce in the theory gange fields Ai'^^ associated with the action of the translations 
generators on the fibre. Nevertheless the matter fields components are inaltered under r(4) and we can 
impose the constraint A;^ = + A'i, so that the total number of degrees of freedom does not change. 
Geometrical interpretation: 

Using the compensating fields fc^ we can construct the metric tensor 

9ni^ = Q^QuVpa (65) 

with Levi-Civita connection 

r;(^-^) = ^g'^'id^Qp, + d^gp^ - dpg^,) (66) 
and the curvature tensor of this connection 

D^iL-C) = ^ p<t(L-C) _ pa(L-C) , p<7(L-C)pe(i-C) _ p<7(L-C)pe(I,-C) (f^j^ 
^ixpv — ^P'- IJ.V ^<^'- HP ^ IJ.V '-en '- up • \^ ' ) 

We can decompose the Levi-Civita connection in two parts: 

r^i''-''^ = r^.-i^^. , (68) 

where 

r^. = k;<^ = (69) 
is not a Levi-Civita connection but a Cartan connection. The other term is known as contortion and is given 

by 

K;.^1{T^% + Z''^-TP (70) 

with 

7^ can be interpreted as the torsion of the connection FJ^,^. 

Now we can see that the Hilbert-Einstein Lagrangian density, which depends on the scalar curvature of the 
Levi-Civita connection, is equivalent to a certain choice of Lagrangian £q of the compensating fields in 
the gauge theory of the translation group: 

Cmibert-Einstein = AiJ^^"^) = A^^^ii^^f;-^) = AC^^"'' + divergence , (72) 

where 

= Ti:^T^^, (^\v'-V^\p + Ivtv-X - VXV-'') , (73) 
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which turns out to be the Lagrangian of the teleparallel description of gravity. Therefore we finally regain 
Einstein equations: 



^-""^ - ^5.^^'^-''^ = • (74) 

Now we would like to present the corresponding jet-diffeomorphism formalism. We are allowed to define 
the bundle of the 1-jets of the group of diffeomorphisms 

Av.mMn . ^•"'"> " " . (75) 

where the equivalence relation is defined as follows: 

1) m = m' , 

2) ^''(m) = ^'"(m) , 
3) d,e{m)=d,^'>'{m) , 

V(^'',m), i^'^',m') e Viff{M) x M. 

A coordinate system for J^{'Dif f{M)) is £.i!:} ■ Note that, as usual in jet theory, parametrize trans- 
formations in the tangent bundle of the base manifold M, T{M), which are not the derivative of the dif- 
feomorphism of M, except for jet extensions. The quantization of gravity requires the elimination of the 
diffeomorphims constraints, so this paramctrization will be very relevant at quantizing because the jets arc 
not simple changes of coordinates, i.e., they are not "gauge" in the strict sense of leaving the solution manifold 
invariant pointwise. At this point we would like to remark that the structure just defined, J^{Viff{M)), can 
be identified with the frame bundle with the Minkowski space-time as base manifold. The general definition 
of the frame bundle with an arbitrary n-dimensional base manifold M is given by the following total bundle 
space 

F{M) = {(to, ai,a2, a„)/TO S M, (01,02, ...,a„) basis of Tm{M)} , (76) 
where T„i{M) is the tangent space of M in the point to.. 

Note that the structure group of this bundle is the linear general group GL{n). This fact is the reason to 
take into account the gauge theory of this group among the possible gauge theories for gravity, as can be 
seen in the literature. 

It is also worth noting that given a group, the 1-jets of this group also has group structure in general. 

In order to allow in the theory the presence of the derivatives of the previous coordinates {^^, ^^}, we define 

the bundle of the 1-jets of the 1-jets of the group of diffeomorphisms 

j\j\Viff{M))), 

with associated coordinate system 

(77) 

where in general ^'^ 7^ d^S,^ and ^ ^ da£,li- In this framework the compensating fields fc^, which were 
introduced in the gauge theory of the space-time translation group in the previous section, may be now 
viewed as the jets of the diffeomorphisms of Minkowski space-time ^^: 

Then the Minkowski metric rj^i, can be transformed with = and a metric can be defined and thanks 
to the fact that the gauge theory of the translation group yields Einstein's theory, the same result follows in 
this construction. 
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5 Mixing of Electromagnet ism and Gravity 

The simplest procedure to approach the non-trivial mixing between electromagnetism and gravity is to 
consider the central extension of Poincare group as a rigid symmetry, 'P, by the group U{1): 

G = V®U{1) EE V . (78) 
Then the commutator of boosts and translations is modified in such a form that 

where S is the generator of U{1). The group index (a) now runs over {(/i) translations, {vt) Lorentz, (elec) 
[/(!)}. As a report on central extensions of Lie groups with trivial cohomology, i.e. pseudo-extensions, and 
the role that they play in representation theory, we refer the reader to Ref. [Sn| and references there in. 
According to j^Uj the Lagrangian for the free compensating fields should be a general function of the form 

Co = Co{TlZ\TlZ''\T^^^'^'>), (80) 

where the presence of the mixing constant 

Cf/, ^ - V.,S"p) (81) 

in the electromagnetic field strength, due to the central pseudo-extension, is to be remarked, k being the 
coupling constant of the mixing. 

Let us suppose that the Lagrangian for the free compensating fields has the form: 

^0 = iA(^(f )^(^'^)^'' + .F^r^) , (82) 
where = T'fp'^^ Vi^^rj'^'^ , and write the curvatures of the compensating fields in the following way: 

where 

Here, (a) runs over the entire group V and C^^ denotes its structure constants including the mixing constant 
(|gT|l. Exphcitly: 

with = q-^A^f'^ and A^i'> = q^.Ai'^ - q-{kt - 8%) ^ 8% - q%. 

We have not considered f\u) ^ corresponding to the subgroup of translations, because the Lorentz curva- 
ture is enough to describe pure gravity in vacuum. 
The Euler-Lagrange motion equations read: 
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where 



where 



The tensor 



^ fj,(7 2 A" o A M ' 



p — ^ ' ^ p 



rT-v{ele) — Tp{ele)v Tp{ele)<j , ri/ p(e'e) p(e;e)(TA 
-'m — ^ a ^ p + 2^ 

defines the energy-momentum tensor corresponding to the electromagnetic field (with f!^''''^'^^ — g^^P'^jf^^), 
and 

^p — 2 A" '^.fe^P 

is a direct consequence of the mixing, and it is quite particular, since in the absence of matter and considering 
the mixture between electromagnetism and gravity, we would have a non-trivial energy-momentum tensor. 

Equation H83() gives the form of the Lorentz potentials in terms of /cj^, q'^ and their derivatives. Note that 
for the gauge theory of Poincare group in vacuum the Euler-Lagrange equation for the Lorentz potentials 
reads: 

hPrpP _ UPrpP , iprpp , /ipilJ ,p,V\ AP _ I hP h.!^ \ h.P h.V\ Ap 

'^p^te '^e^tp + '^e-'-Op^ y'^p'^0 '^e'^p)^e)iy '^p + '^p'^t )^e)u ~ ^ ^ 

whose solution is given in equation (107). In 13 the Lorentz potentials, in the case in which the existence of 
matter is also considered, are explicitly written (under some assumptions) in terms of the tetrad fields and 
their derivatives, and using similar steps one could obtain the explicit form of A\}^^^ to the first order in k, 
but for the moment we shall not use this explicit result. 

Equation (|84|l can be rewritten in the form of Maxwell equations in a gravitational field, but containing 
an electromagnetic current Jai('"*^) made of gravitational potentials: 
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with 

Note that if we do not consider the mixing between electromagnetism and gravity, the previous motion 
equations reduce to those of the case of gauging Poincare group in vacuum. 

In order to study the solution of the equations with mixture a good aproximation will be working at first 
order in the mixing coupling constant k since it is expected that its value is about 10^* times the electron 
mass 

The form of these equations is rather complicated, so that we shall restrict our attention here to the 
equation for the electromagnetic field: 

Let us write the electromagnetic field of the theory with mixture to the first order in n: 

Af"^ = + nAf"^^ , 

and, for simplicity, the rest of the compensating fields will be considered to zero order in k. 
Order by order in k, the electromagnetic motion equation leads to: 

Zero order: 

5.[Ag'^^5'^^(^g^)°-4:f)°)]=0, (86) 

which shows that A^'j^'"'^^^ is the usual electromagnetic potential in the presence of a gravitational field, without 
mixing. 

First order. 

d^iKg^^g-^^Ai^;;^' - ^^^^^^ - \M;%{A^f^ Af^^ - KA'f^^)]} = , (87) 



Tirele /^ele 

Here the Lorentz potentials A^"''' coincide with the Lorentz potentials of the case of gauging the Poincare 
group in vacuum, A^""!^"^^' = \T^^p + \ {Tapfi — Tp^^) , since we are working to the first order in k. 

Note that a simple "mathematical" solution for A^'^/if'^ would be 

4t^' = lM;%A';P^A(f^ = ry,,4''U(o-) = VvA<)^^A^y , (88) 

where the last equality follows from the antisymmetry of the Lorentz potentials A'^'^'' = — aS"^' , and the latin 
index runs from 1 to 3. Just having a look at this result, we conclude that the electromagnetic field of the 
mixture theory between electromagnetism and gravity in the context of gauging the central (pseudo-)extension 
of Poincare group by U{1), contains an additional contribution made of pure gravitational potentials and this 
could be the origin of some electromagnetic force associated with (very massive) rotating systems, as A^^'-* 
is somehow associated with "Coriolis-like forces" . 
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5.1 Particle in the presence of the mixed electromagnetic and gravitational fields 

Now we would like to consider some situations of physical interest in order to proceed further in the under- 
standing and consequences of the mixing between electromagnetism and gravity. A natural example is the 
"geodesic" motion. 

We shall apply the Minimal Coupling Prescription (developped in the previous sections) to the Lagrangian 
of a particle of mass m, momentum p^(= mu^ = fn^^) and charge e: 

jCmatt = ^Pt^P-V""- (89) 

Now we have to replace by A;^(p^ — e^l^^'^'' ). Note that we are assuming that the particle does not have spin, 
that is why the term associated with the Lorentz subgroup does not contribute to the "covariant derivative" . 
The modified Lagrangian reads: 

2 

although in what follows we shall neglect the misleading term ^A^^''^'>'^ A^^''^^" g^^,, which, by the way, does 
not appear when working directly with the Poincare-Cartan form instead of with the Lagrangian. 

Wc also consider the Lagrangian for the free compensating fields CQ{J-lZ\j-jn^\j-jfJ'^'') and the action 
S = J Crotd'^x with Cxot = Lmatt + ^^oi^jii' invariant under the local group ^'(M). 

As regards the interaction between a particle and a field, in general, it is required to distinguish between 
the coordinates y°' where the fields arc evaluated and the coordinates x"' for the particle. In Cmatt the fields 
are evaluated at the position of the particle, where the interaction occurs, but in Cq the fields are evaluated 
aty"^. 

Let us write the Euler-Lagrange motion equations: 
The equation for the particle, 

dx-^ dr V du'^ J ~ dx-^ dr \ du"^ 

results in 

= u'^u^i-d^g^, + ]-d,g^,) - -u'^id.Af^^ - d^A^f^^) . (90) 
Note that the Levi-Civita connection F^^"^^^ associated with the metric is defined as usual, that is: 

^i^ir^^" = l9""idt.9ua + d,g^„ - d^g^.) , 

and 

r^.tre^^ = r(.t-^)^5.e = l{d^9u0 + d^g^e - deg^.) . 

On the other hand, 

uV{-d^g^^ + \d,g^.) = -^u^u^'id^g,^ + d,g^„) + ^u^u^'d^g^, = -uWf-^^\ 
Then, we arrive at: 

= -«vr(t-^) - ^u^id^A(;^^^ - d,A(f^^) . (91) 
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The last equation would be the usual motion equation for a particle in the presence of both gravitational 
and electromagnetic fields, although the difference manisfests itself in that the fields satisfy motion equations 
with mixing terms. 

Decomposing the electromagnetic field to the first order in k, 

the motion equation for the particle reads: 

This equation is compatible with that obtained in Ref.|41| by group-theoretical methods, although, there, 
the results were given up to a lower order in the group law, making the exact identification of terms by no 
means direct. Putting the approximate solution H88() into H92|) . the general comments after (|88|l do apply 
here. 

As far as the field equations are concerned, and assuming that the Lagrangian density for the free 
compensating fields has the form ACq K{!F\j^I'^^ J-^'^^'^^^'^ + J-'lt'^'' ) , the motion equations for the fields are 
similar to those of the previous section except for additional terms due to the presence of the particle: 

i\ /^i'^'-'^) Ai<:r) T^{ele)fj.iy , i,p,rpp _t.lJ.rpp , up-rpP _i_ ( UP. h.!^ _ Ui- 1,1^ Ap _ ( UP- L,!^ i UP- Ap — n 
^) ^a.ee ^ ^'^p^ee '^6 ^ ep + -'^ 0p + [^p '^6 '^9 '^p^e)i' '^p + '^p '^e )^e)v ~ ^ ^ 

2) daiAF^"^"^'"') = eu" , 



with 



rj-v r-r-vijnix) i rj-vi^elc) i 'j^i' (matt) 

^ti(Tot) — -'m -'p ^ ^P 



defining the total energy-momentum tensor, where 



^^matt 



^i'(ele) _ T?(ele)u Tp(ele)a , ^ 7Ti(e'e) rj{ele)aX 

^p. — ^ a ^ + 2 P<^>' 

'-ri>{7natt) (^^^^ r{e^e)pr /i (^e) 

Similar comments to those made for equations H83|l . H84|l and H85(l also apply here. 

Finally, we consider these equations to the first order in k. In equation I), the electromagnetic tensor 
is already accompanied by the constant C^^^'^g , which is proportional to k, so that we must replace F^'^^'^^^'^ 
with the unmixed electromagnetic tensor in order to obtain an equation for the Lorentz potential to first 
order in k. 

With respect to equation 2) we have: 

Zero order. 

a.[Ag''^g-^(A(t'" - = eu>^ ■ (93) 



^(eie)o usual clcctromagnetic field without mixing. 

First order. 

a.{A.9^^g-«[<^^)^ - J^^f' ~ \M;%{A\f)Af'-'^ - = 0. (94) 

As in equation H87(l . up to first order in k, the Lorentz potentials coincide with the Lorentz potentials of 
the gauge theory of Poincare group in vacuum. 
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6 Outlook 



The possibility of formulating the Lagrangian version of the already proposed revision of the Higgs-Kibble 
mechanism, in a group approach to the quantization of Yang- Mills theories to provide mass to the 
massive vector bosons, using only the group parameters without extra fields, is also expected to be carried 
out in the near future. 

Related to the unification between gravity and the internal gauge interactions it is also known that a semidirect 
action of the group of diffcomorphisms on the gauge group 

Viff{M) ®" G(M) 

exists and that given a gauge group G{M) it is possible to find a formal group composition law for G{M). 
Therefore we can also find a group composition law for that semidirect product of groups, what implies a 
non-trivial mixture between gravity and the internal interactions. This new mixing just proposed here is 
quite different from the one described in this work and deserves further study. 



Appendix. Lagrangian Formalism on J^{J^{E)) 

The space J^{J^{E)) is the bundle of the 1-jets associated with the fibre space (J^(£'), Af, tt^). The coordinate 
system for J^{J^{E)) will be defined by 



. (95) 

A Lagrangian density of type C^'^ is an application of J^{J^{E)) on R. 

The 1-jet prolongation of (p^, = ip^ is the only section of {J^{J^{E)), M,7t) such that is an 

injection ofT{J^{E)) into T{J^{J^{E))) and 



al.lct 
ai,ia I 



-1 = (96) 

(97) 



^i''" = c?2/^ - ^^..'^^'^ • (99) 
The jet extension (prolongation) condition requires 

z% = a.y" (100) 

= d.vt ■ (101) 

Given a vector field on J^{E), £ T{T{J^{E))), its 1-jet extension (or prolongation) through the 
injection is the only field j^{X^) = such that it is an infinitesimal contact transformation, i.e.. 



= + A^^ey^' (102) 

Lx^0l^'''=A^,0''''+A^0y^ , (103) 

where the 1-jet extension of X^ is determined from the general form of X^'^, 



^I'l + . (104) 



Hence 
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dyZ dy'c, 

= ^ (108) 



and the components Jf^, read: 

''^ ~ ax-" ''^ ^ ' 

Given a Lagrangian density >C^'^, the Hamilton functional <S^'^ is the application of r(J^(£)) on R defined 

by 

S''\^') = [ £''\j\^'))u (111) 

V<^i €T{J\E)). 

The Hamilton Principle states that the trajectories of the variational problem are the solutions of 



L^-.(£i'i(ji(<^i))a;))=0 (112) 

ji(vpi)(M) 

V^i e r{T{j\E))). 

This principle leads to a set of Euler-Lagrange equations of the form 



dy" dxi^ \ dz"^ 



dyS dxf' \dz^^^ 
Given a C^'^, the Poincare -Cartan form is given by 



= (113) 
= . (114) 



e^^ = jr^'^Lo + e^'^" A o„ + a , (115) 

where 



fi„ ^ (116) 
= {-Ydx° A ... A dof^ A ... A dx^ . (118) 
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Given QpQ on J^{J^{E)) the modified Hamilton functional <S'^'^ is the application of T{J^{J^{E))) on 
R defined by 

^ I QYc (119) 

7(^1. i(M) 

v^i.iGr(ji(ji(£;))) 

The Modified Hamilton Principle states that a cross section is critical if and only if 

(^5'i'iV,i(Xi'i)= / Lx^,.Q'/c = Q (120) 



VXi'i &V{T{J^{J^{E))) 

The critical sections are thus the solutions of 



ixi.irfe^cl^i-^ =0 (121) 

from where the system of equations which come from the coefficients of and X'^ read respectively: 

dz% \dx^ ^ dz^,^ \dx^ "'^J ^ ' 
_d_d£}^ fdjf _ „\ d dC^'^ fdyf, , 



= . (123) 



When this system admits the trivial sohition (regularity condition for C}'^), the 1-jet prolongation condition 
is satisfied, and then the remaining equations (from the coefficients of X" and X" respectively) 



dx^ ydz-ij ^ dy<S ^ dyZ \ dzi ) \dx^ 'V dy- [dz^^J {dx^ '^^^J ^ ^ 

dx^^ \ dz- dy- ^ dy- [ J \^x^^ 'V dy- [dz^^J \dx>^ '^'V ^ ' 

reproduce the Euler-Lagrange equations of the Ordinary Hamilton Principle and thus both principles are 
equivalent. 



References 

[1] C.N. Yang and R.L. Mills, Phys. Rev. 96, 191 (1954). 
[2] R. Utiyama, Phys. Rev. 101, 1597 (1956). 
[3] H. Weyl, Ann. Physik 59, 101 (1919). 
[4] V. Fock, Zeit. f. Phys. 39, 226 (1926). 
[5] H. Weyl, Zeit. f. Phys. 56, 330 (1929). 

[6] R. Hermann, Vector Bundles in Mathematical Physics, N.Y. (1970); Geometry, Physics and Systems, 
N.Y. (1973). 

[7] W. Drechsler and M.E. Mayer, Fibre bundle techniques in gauge theories, Lecture Notes in Physics, 67, 
Springer- Verlag, Berlin (1977). 

[8] P.L. Garcia, J. DifT. Goem. 12, 209 (1977). 



128 



[9] D. Betounes, J. Geom. and Phys. 16, 107, (1989). 

[10] H. Georgi and S.L. Glashow, Phys. Rev. Lett. 32, 438 (1974). 

[11] H. Georgi in Particles and Fields 1974, ed. C. Carlson, Amer. Inst, of Physics, New York (1975). 

[12] S. Weinberg, The Quantum Theory of Fields, Vol.11, Cambridge U.P. (1996). 

[13] T.W.B. Kibble, J. Math. Phys. 2, 212 (1961). 

[14] B.N. Frolov, Vestnik Moskovskogo Universiteta, Seria Fizika, astron. 6, 48, (1963) (in Russian). 

[15] B.N. Frolov, Sovremennye problemy gravitatsii, Proc. of the 2nd Soviet Grav. Conf. 270, (1967) (in 
Russian) 

[16] B.N. Frolov, Puankare Kalibrovochnaya teoriya gravitatsii, MPGU, Prometey, Moscow, (2003) (in Rus- 
sian). 

[17] Y.M. Cho, Phys. Rev. D14, 2521 (1976). 
[18] Y.M. Cho, Phys. Rev. D14, 3335 (1976). 
[19] D. Ivanenko and G. Sardanashvily, Phys. Rep. 94, 1 (1983). 

[20] G. Sardanashvily and O. Zakharov, Gauge Gravitation Theory, World Scientific (1992) 
[21] F.W. Hehl, P. Von Dcr Heydc and G.D. Kcrhck, Rev. Modern Phys. 48 393 (1976). 
[22] J. Nitsch and F.W. Hehl, Phys. Lett. 90B, 98 (1980). 

[23] F.W. Hehl, Y.Ne'eman, J. Nitsch and P. Von Dcr Heydc, Phys. Lett. 78B 103 (1978) 

[24] K. Hayashi and T. Shirafuji, Phys. Rev. D19, 3524 (1979). 

[25] F.G. Basombrio, Gen. Rclat. Grav. 12, 109 (1980). 

[26] V.C. dc Andrade and J.G.Pcrcira, Phys. Rev. D56, 4689 (1997). 

[27] V.C. dc Andrade and J.G.Pcrcira, Gen. Rclat. Grav. 30, 263 (1998). 

[28] A.G. Agnese and P. Calvini, Phys. Rev. D12, 3800 (1975). 

[29] A.G. Agnese and P. Calvini, Phys. Rev. D12, 3804 (1975). 

[30] T. Derch and R.W. Tucker, JHEP 0203, 41 (2002). 

[31] Y.M. Cho, J. Math. Phys. 16, 2029 (1975). 

[32] Y.M. Cho and P.S. Jang, Phys. Rev. D12, 3789 (1975). 

[33] Y.M. Cho, Phys. Rev. D14, 3341 (1976). 

[34] L. O'Raifeartaigh, Phys. Rev. B139, 1052 (1965). 

[35] W.D. McGlinn, Phys. Rev. Lett. 12, 467 (1964). 

[36] S. Coleman and J. Mandula, Phys. Rev. 159, 1251 (1967). 

[37] M. Daniel and CM. Viallct, Rev. Mod. Phys. 52, 175 (1980). 

[38] L. Michel, "Invariance in Quantum Mechanics and group extension" , in Group theoretical concepts and 
methods in elementary particle physics, F. Giirsey ed., Gordon & Breach, pp. 135-200 (1964). 

[39] F.J. Dyson, Symmetry Groups in Nuclear and Particle Physics, Benjamin N.Y. (1966). 

[40] V. Aldaya and E. Sanchez-Sastre, Phys. Rev. D (submitted). 

[41] V. Aldaya, J.L. Jaramillo and J. Guerrero, J. Math. Phys. 44, 5166 (2003). 

[42] A. Salam and J. Strathdee, Fortschr. der Phys. 26, 57 (1978). 

[43] V. Aldaya and J. A. de Azcarraga, J. Math. Phys. 19, 1869 (1978). 



129 



[44] V. Aldaya and J. A. de Azcarraga, Geometric Formulation of Classical Mechanics and Field Theory, 
Rivista Nuovo Cim. Vol.3, N. 10 (1983). 

[45] M. Calixto and V. Aldaya, J. Phys. A32, 7287 (1999). 

[46] V. Aldaya and E. Sanchez-Sastre, (in preparation). 

[47] L.D. Landau and E.M. Lifshitz, The Classical Theory of Fields, Pergamon Press (1976). 

[48] S. Weinberg, Gravitation and Cosmology, John Wiley (1972). 

[49] R.T. Hammond, Rep. Progr. Phys. 65, 599 (2002). 

[50] J. Guerrero, J.L. .Jaramillo and V. Aldaya, Group- cohomology refinement to classify G-symplectic man- 
ifolds, J. Math. Phys. 45 , 2051 (2004). 

[51] A. Einstehi, Sitzungsber. d. Preu/3. Akad. d. Wiss. 217 (1928), Nr.17/18. 

[52] A. Einstein, Sitzimgsber. d. Preu/3. Akad. d. Wiss. 224 (1928). 

[53] R. Wcitzenbock, Sitzungsber. d. Prcu/3. Akad. d. Wiss. 466 (1928). 

[54] R. Zaycoff, ZS. f. Phys. 53, 719 (1929). 



130 



Lagrangian Formalism on Jet-Gauge and 
Jet-DifFeomorphism Groups: Towards a Unification of 
Gravity with Internal Gauge Interactions^ 
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Abstract 

In this talk the description of gauge theories associated with internal symmetries is extended 
to the case in which the symmetry group is the space-time translation group (recovering 
Einstein's theory) using the standard jet-bundle formalism. We also reformulate these theo- 
ries introducing the idea of jet-gauge and jet-diffeomorphism groups. Finally, we attempt to 
a simple, yet non-trivial, mixing of gravity and electromagnetism (or more general internal 
interaction) by turning to gauge symmetry a central extension of the Poincare group. 

PACS: 11.15.-q, 04.50.-Fh 



^Work partially supported by the DGICYT. 

^Institute de Astrofisica de Andalucia, Apartado Postal 3004, Granada 18080, Spain 

^Institute de Fi'sica Teorica y Computacional Carlos I, Facultad de Ciencias, Universidad de Granada, Campus de 
Fuentenueva, Granada 18002, Spain 



1 Introduction 



The formulation of gravity as a gauge theory appeared for the first time in Utiyama's works, following 
an structural scheme analogous to that of internal symmetries which had been introduced by Yang- 
Mills, and even earlier by Weyl in his attempts to unify electromagnetism and gravitation. After 
Utiyama's work, there have been many authors ([13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 
26, 27, 28, 29], etc) who have tried to describe gravitation in the framework of gauge interactions. 
Nevertheless, there is some ambiguity about which external symmetry group is the correct one, 
i.e. Poincare or just one of its subgroups. Another difference with respect to the internal case is 
that when dealing with space-time groups it is necessary to introduce new compensating fields k^, 
usually known as tetrads or vierbeins, that allow the definition of a non-trivial metric ^^j, starting 
from the fiat metric of Minkowski space-time 

The traditional formulation of gauge theories is developped by means of the Lagrangian formalism 
on the 1-jet bundle J^{E) of a bundle E on the Minkowski space-time. It is also assumed as a 
starting point, the hipothesis of invariance of the action associated with some matter fields under 
the rigid (global) symmetry Lie group of the free theory. But this procedure would not have a full 
sense if we desired to study pure radiation from the very begining, since we would not have any 
matter Lagrangian. Another problem of the usual treatment of gauge theories is related to the 
interpretation of the gauge potentials as connections, which as is well-known do not transform as a 
tensor. 

In this paper we present gravitation as a consequence of gauging the space-time translation group 
r(4) with very little deviation from the standard theory. It is worth noting that it is absolutly 
fair to consider non-trivial translational potentials A'^ associated with the trivial action of the 
group r(4) on the fibre, though they are redundant and the constraint A;^ = 5^ -|- A'^ are required 
to maintain inaltered the total number of degrees of freedom of the theory. But the relevance 
of recovering Einstein's equations in the framework of the gauge theory of T{A) is fundamental 
from the viewpoint of generalizing the conceptual and structural formulation of gauge gravitation 
theories. In this paper we also present a deep revision of the Minimal Coupling Principle, where 
the interpretation of gauge fields as connections and the requirement of the matter Lagrangians are 
removed. The main idea of this reformulation is the concept of "jet-diffeomorphism group" of a 
manifold M, J'^ {Vif f{M)) , with coordinates (^^,^^^). In this way, the compensating fields (tetrads 
or vierbeins) can be interpreted as k^ = ^ii, that is, the compensating fields k^ can be considered 
as the 1-jets of the diffeomorphims of Minkowski space-time. As a consequence, both indices 
of k^ are space-time indices. We would like also to remark that we are keeping the name "gauge" 
for the case of the translation group because the general structure of the theory is similar to the 
structure of gauge theories for internal symmetries. But as was mentioned before, the additional 
compensating fields A;^ are related to the coordinates of the bundle {Vif f{M)) and we should 
properly speak of diffeomorphisms of M. 

The version for internal symmetries arises with the idea of "jet-gauge group", G^{M) = J^{G{M)) 
with coordinates ((/j",(/j|^ = A^f^), where we denote by G{M) the gauge (current or local) group. 

The gauge potentials A^f^ are interpreted as the 1-jets of the Lie group parameters ip^ , departing 
from the traditional interpretation as connections. Moreover, in this framework the parameters of 
the Lie group (that is, the functions used to gauge the rigid Lie algebra in the standard formalism) 
acquire dynamical content. 

The paper is organized as follows: Section 2 is devoted to the formulation of the variational principles 
on the jet bundle J^{E). In section 3 we revise the formulation of the gauge theory for internal 
symmetries and show its corresponding decription in terms of jet-gauge groups. Section 4 is devoted 



to the gauge theory of the space-time translation group T{4) and the Lagrangian formalism on 
{Vif f{M)) in order to describe gravity as a variational problem via the Modified Hamilton 
Principle on the bundle of the 1-jets of the 1-jets of the group of diffeomorphisms of Minkowski space- 
time { J^ {Vi f f {M))) . In section 5, we show an approach to the mixing between electromagnetism 
and gravity. Finally, we conclude in section 6 and incorporate an appendix about the Lagrangian 
formalism on J^{ J^{E)). 



2 Lagrangian Formalism on the Jet Bundle J^{E) 

Classical Field Theory is traditionally formulated on the l-jet bundle J^{E) of a vector bundle 
E ^ M on Minkowski space-time or any other space-time manifold (see e.g. [6, 44]). The sections 
of E, i.e. mappings from the base manifold M to the total space E such that iroi^ = /jy^, constitute 
the fields, and the l-jet bundle generalizes to field theory the definition space for Lagrangians in 
ordinary Analytical Mechanics, that is, T[R'^) X i? — ?■ i?, where R is parametrized by the time t 
and r(i?"^) by (g*, q^). We give the formal construction of the jet bundle of a general bundle E, 
non-necessarily a vector bundle. 

The four first greek letters {a,(3,j,S) will denote spinorial indices of the matter fields and the 
rest of the greek alphabet (e, ^u, v, r, ...uj = 0, 1, 2, 3) will be used to denote space-time indices. 
Let us consider a bundle E, it : E ^ M, and name T{E) the space of sections of E. We define the 
bundle of the 1-jets of T{E) as: 

r{E)xM 



J\E) 



1 



where the equivalence relation ~ is defined as follows: 



{^,x)r^ {^',x')^ { ^{x) = ^'{x) (2) 

di_,Lp{x) = di_,Lp'{x), 

\f{Lp,x), {cp'jx') G r(£') X M. The cartesian projection {'t',x) i— ?■ x defines a natural projection 
Tfi : J^E) M. 

Locally, we can parametrize E by co-ordinates {x^, cp") defined on 7r~^{U), U C M. In fact, let 
us define the following functions on r(7r~^(f/)) X U: 

^"■.{^,x) ^ V"{v{x)) 

V"^:{V,X) ^ d,ip"{ip{x)). (3) 

They are compatible with the equivalence relation ~ and, therefore, go to the quotient defining the 
corresponding functions ((/j", V'^). 

The starting point of the geometric approach to the variational principles is the definition of the 
Lagrangian density as a real function C : J^{E) — ?■ i? on the bundle J^{E) of a vector bundle E. 
Lagrangians depend locally on the arguments {x^ , cp" , Lp"^) , although usually, due to the Poincare 
invariance, C will not depend explicitly on a;^. 

Let (/J be a section of E. The l-jet extension (or prolongation) of cp, j^{^) = ^, is the only 
section of J^{E) such that j^ is an injection of T{E) into V{J^{E)) and 6" \ -i(^^^(^j^^= where 6" 
are the structure 1-forms defined on {E) by 

r = d<^" - (p"^dx^. (4) 



Given an arbitrary vector field X on E, X £ T{T{E)) = X{E), 

d d 

X = X^'— + X"^, (5) 
^x^' dip" ^ ' 

acting on the space-time and on the fibre, its l-jet extension (or prolongation) through the injection 
is the only vector field j^{X) = X on J^{E) such that X projects on X, that is, 

^ = ^^^"^J^/ (6) 

and it is an infinitesimal contact transformation, i.e. 

L^r = C^^^ (7) 

where is the Lie derivative with respect to the vector field X, and Cp are constants. 
This second condition implies that 

..a_dX" dX^ 

-„ _ dX^ „dX^ fdX^ a^]£L\ a 

Given a Lagrangian density C, the Hamilton functional (the action ) S is the mapping from 
T{E) to R defined by 

S : r(^) ^ R 

S{^)=( C{j\^))n'*u, (10) 

Jji(v)(M) 

V(/3 G r(£'), where uj = dx^ A dx^ A dx^ A dx"^ is the volume 4-form on M and 7r^*cj its pull-back to 
J^{E) (to be denoted just lj in the sequel). 

The Ordinary Hamilton Principle states that the critical sections (trajectories) of the variational 
problem are the solutions of 

{5S)^.(^){X)= ( L^{C{j\^))u) = Q, 

where X is an arbitrary vector field on E. 

As is well known, this principle leads to the usual Euler-Lagrange motion equations 

^ ^^^^ =0. (11) 



dip" dx^" ydip'^ 

The variational calculus can by generalized through the Modified Hamilton Principle, which 
varies sections of J^{E) rather than sections of E. To this end a modified Hamiltonian action 
: r(Ji(£')) ^ i? is defined as follows: 

S\v')= f Qpc, (12) 



where @pc, the Poincare-Cartan(-Hilbert) form is a n = dimM form which generalizes that of 

fJL 



Mechanics, ~{dq' — q'dt) + Ldt = pidq' — Hdt: 



dC 

Qpc = ^{d^" -vyx'')A0^+Cio 

:dv" TT-^v'" -C]uj 



= TT^d^" A0^-nu , (13) 

where 6^ = i_s_cj. In the regularity case, i.e. det{-j — g — ) 0, 7^ is the covariant Hamiltonian and 

3x1-'' '-ff 

TT^ the n covariant momenta. 

The Modified Hamilton Principle stablishes that the physical trajectories are those sections of 
J^{E), points in r[J^[E)), where the derivative of the action (12) is zero: 

{ss')^i{x') = f Lxi@pc = o, yx'ex{j\E)) 

=^ ixidQpcl^i =0. (14) 

Equations (14) generalize the Euler-Lagrange ones (11) and, in the case of regularity, reproduce 
them and provide the covariant Hamilton equations [44]: 

dn _ m_ _ _dK 



3 Gauge Theory of Internal Symmetries and Jet-Gauge Groups 

Let us consider a matter Lagrangian density 

£„„«(VP«,V'«) (16) 

and the corresponding action 



S = jC^.uo.. (17) 
Let us assume that S is invariant under a global (or rigid) Lie group of internal symmetry G, 

i'^matt ^) = (18) 

where -^(a) = 3^{X{a)) is the jet extension of the generator 



I.e., 



of G (whose components on have been suppresed since we have supposed that G does not act 
on the base manifold M) satisfying the commutation relations 

We use the labels (a), (b), ... to denote group indices. Needless to say that the term CL^uj = 
since div{X) = 0. 



According to the general expression for the jet extension and the assumption of the internal 
action of G, the invariance of the action under the rigid group G may be written simply as: 



fir fir 

Xia)C^an{v", = + = . (20) 

Now we wish to study the invariance of the action under the ("current", "local" or) gauge group 
G{M). The corresponding Lie algebra is the following tensor product: 

^(M)®g = {/(»)X(„)}, (21) 

where T{M) is the multiplicative algebra of real analytic functions on M, and Q is the Lie algebra 
of the Lie group G. Now the jet extension of the generators of this new algebra takes the form: 

= + + (22) 

We see that the jet extension of a generator in (21) is no longer a tensor product but, rather, it 
acquires extra terms: 

_ fi f(a) fl 

= + • (23) 

Therefore, 



and, in order to restore the invariance, we have to introduce new compensating fields (usually known 
as Yang-Mills fields) A^f^ with the following transformation law under G{M): 

f) f 

X^H ^ = + ^ , (24) 

where C^^ are the structure constants of the Lie algebra Q. 

Then, we must consider the generators acting also on the new fields aI^^: 

/'•'.V,., - /'-A-;;,./^ + (/'"ct 4=' + 1£) ^ ■ (2-^) 

Now the situation is as follows: we have introduced new fields A^"^ to modify the behaviour of 
the original Lagrangian of matter so that we have to find, on the one hand the expression for the 
new Lagrangian Cmatt containing the matter fields and their interaction with the new compensating 
fields ^ and, on the other, the free Lagrangian jCq corresponding to the new fields, which should 
depend on the new fields variables and their first derivatives, i.e. ^l^i. Let us establish the 

required process under the aspect of a two-parts theorem to be referred to as Utiyama's Theorem 
(as suggested in mathematical literature) without aiming at a too formal presentation. Proofs of 
theorems will be presented elsewhere. 

Theorem l.A (The Minimal Coupling): T/ie new Lagrangian describing the matter fields as 
well as their interaction with the new compensating fields aI"^ , 



is invariant under the current group G{M) in the sense that 



(27) 



Thus, as Corollary l.A, we conclude that the matter fields interact only with the new compen- 
sating fields and not with their derivatives and the actual interaction term appears in the Lagrangian 
through the combination 

r, = vl- 4"^^ra)/3V'^ (28) 

usually known as covariant derivative of the matter fields (on this respect, see the end of this 
subsection) . 

The introduction of the new compensating fields naturally leads to considering a new action 
accounting also for the dynamics of these new fields with Lagrange density Lq: 

S' = I {Crnatt^ + CoUj). (29) 



Since we have already seen that / C-matt ^ is invariant under G{M), imposing the invariance of 
S' requires the invariance of J Cq uj itself. That is, the free Lagrangian Cq, containing the new 
compensating fields and their first derivatives, must be invariant under the current group G{M): 



/(»)A'(„)£o(4^\4!l) = 0. (30) 

In the proof of the following "theorem" we solve this system and obtain the structure of Cq. 

Theorem l.B (Structure of the free Lagrangian Cq): The necessary condition for Cq to be 
invariant under the current group G{M) is that Cq depends on the fields A^f^ and their "derivatives'' 
A^^^Jj only through the specific combination: 

f(») = 4») - - ^^.(AWaW - A^aW) , (31) 

i.e. 



/(»)A'(„)£o(4^\4!l) = ^ £o = C,{Fl^J) . (32) 

The expression (31) is traditionally called "curvature" of the "connection" A^f^ (see again the end 
of this subsection). 

It should be remarked that the actual dependence of Lq on the tensor F is not fixed and must 
be chosen with the help of extra criteria, for example the invariance under the rigid Poincare group. 
In particular, to account for the standard Yang-Mills equations the Lagrangian must be of the form 

divaG 

E Fil>F^i>V^W- (33) 

a = l 

For space-time symmetries the ambiguity in the specific dependence of Cq will be patent. 

Euler- Lagrange equations 

Let us consider the Lagrangian density jCtot = S-matt+C-o, where Cmattiv" ^ V"^^ ^1"^) = t^mattiv" ^ 
A^^"^ X'^^.^pLpf^). Then, the equations of motion are given by: 




dip" ^ " ~ 



d 



(a) 



, ^6 4(d) ^-^0 I 1 ya ,^9^ 



matt 



dF 



(34) 
(35) 



Remark: To finish the section corresponding to internal symmetries, we would like to note that, 
on sections, 

F^:^ = d.A(;^ - d,Ai^^ - ^(A^aW - A^aW). (36) 
Introducing the notation (spin connection) 

pa — A (a) 

and taking into account the commutation relations 
the tensor fI^) can be turned into a curvature tensor: 

= f(»)X(:)^ = 9,r«^-9.r«^-^Q,(AW4^)(X(„))^-4^)4=)(X(„))^) 

= d^T^p - di,T"^p - (r^^r^^ - r"^r^^) . (37) 

Accordingly, the Minimal Coupling prescription can be easily reformulated by saying that the mat- 
ter Lagrangian incorporating the interaction terms is obtained from the original one by replacing 
all derivatives of the matter fields with covariant derivatives, and that the Lagrangian for the con- 
nections must be a function of the curvature. 



Now we would like to present a conceptual and structural revision of the standard formulation 
of gauge theories, in such a way that the gauge group acquires dynamical character, and associated 
natural structures, which substitute the well-known spin connections, appear as physical fields (and 
these are tensorial objects) irrespective of the existence of fermionic matter. 

Let Gr be a Lie group of internal symmetry, G{M) the gauge group (also named current group), 
whose elements are the mappings from Minskowski space-time M into G (thus G{M) may be viewed 
as the set of sections of a principal bundle with structural group G). Let {x^} be a coordinate 
system on the base manifold M and {<~p"} the corresponding coordinate system on the fibre G. Let's 
introduce the bundle of the 1-jets of the gauge group G{M): 

J\G{M)). 

The formal definition of J^{G{M)) is given through the relation of equivalence ~^ in the following 
way: 



J^{G{M)) = G{M) X M/ ~i 

such that 



($,m) ~i ($',m') 



for all ($, m),(<i>', m') belonging to G{M) X M, if and only if 
1) 

m = m' 

2) 

<^{m) = <i>'(m) 

3) 

d^^m)=d^^'{m). 

This definition may easily be extended to the order r. 
A coordinate system for J^{G{M)) would be 

where Lp'^ is not necessarily the derivative of any section Lp"{x). In order to introduce "derivatives" 
of the fields in the theory, we introduce the bundle of the 1-jets of the 1-jets of the gauge group 

J\J\G{M))), 

defined in an analogous way as J^{G{M)) (see the Appendix). 

A suitable coordinate system for [ J^ [G {M))) is, according to the appendinx devoted to the 
Lagrangian formalisn on J^{ J^{E)), 

According to the more usual field theory notation we have replaced the coordinates y and z of the 
appendix by Lp" and Lp" . 

Once we have a certain coodinates system we can construct Lagrangian densities defined on 
J^{J^{G{M))) and now we will explicitly proceed to study the abelian and non-abelian internal 
cases. 

3.1 Abelian internal gauge interaction 

The associated Lie group is U{1) and the coordinates that we will use {(j), (j)^] (^^j,, (j)^^^}. Due to the 
invariance under Poincare group the Lagrangian will not explicitly depend on x^. The more general 
scalar Lagrangian on (J^ (f/(l) (M))) is given by the following combination with coefficients that 
will be determined later: 

Now we write the motion equations derived from the Modified Hamilton Principle: 




(ia;^ \d(f)^al d(f)^ d(f)^ \d(f)al v9a;^ 



(ia;^ \d4) a j dc/) dc/) ydc/) n I \dx 



Making the following choice of coefficients: 

2a = 1 

2/ = -m^ 

25= -f 

h = e 

c= 

5 = 1 

2j = -M2 

we arrive at the following equations: 



where we have used the two previous equations. This equation contains two variants: Maxwell 
equations (m = 0, the electromagnetic field being = cj)^) and Proca equations (m / 0). If 
/ then, deriving with respect x" the last equation, 

we get the transversality condition 



And finally. 



This is the Klein-Gordon equation for the scalar field cj). The role of these extra fields is quite 
analogous to that of the Goldstone bosons which appear in the Spontaneous Symmetry Breaking 
mechanism. 

With the additional choice h = e = 0, the Lagrangian C^j^^^ takes the form 
3.2 Non-abelian internal gauge interaction 

The coordinate system in this case is denoted by ((^", (^^; (j)""^^ In analogy to the previous case, 

let us consider the following Lagrangian on [ J^ {G{M) ) ): 

where 

and C^^ are the structure constants. Using the Modified Hamilton Principle the motion equations 
read: 



_d_ / d£M _d_ £M\ d£ _ , 



Using the equation — 9^<?!>" = <?!>^^j, — <?!'"^^, it follows 

and, therefore, the third motion equation reads: 

Making the choice of coefficients: a = —1 and 4/3 = f , we obtain 

Taking m = 0, this equation is the Yang-Mills motion equation, if we identify A^f^ = (/!)^ as the 
^auge fields. 
Finally, 

.... " (^'■'\^^J^ + JL(£^](^-,^^ 



dxi^ \d(i)'^^j del}" del}" \d(i)\j \d 



9^9^<^" + M2<^" = 
This is the Klein-Gordon equation for the scalar fields (j)"" . 

4 Gauge Theory of the Space-Time Translation Group T{A.) and 
Jet-DifFeomorphism Groups 

Let us consider the matter action 



S = j C^att{^",vt^d^x (38) 

where (/j^ = on jet sections. 

The general form of a generator of an arbitrary Lie algebra Q (of a Lie group G) is: 



d d 

X = X^'— + X"^ , (39) 

^x^' dip" ^ ' 



and its jet extension: 



where 



The invariance condition of the action under the Lie group G implies the following invariance 
condition for the Lagrangian density: 



XC{^", VP") + Civ", vl)d,X^ = (42) 

Let us take G = T{4), the space-time translation group. The generators of the translation group 
are given by 

d 

X.^ = Xl'.— (43) 
^f.) = (44) 

where (a) = [v] is the group index. 

The rigid (global) translational invariance condition reads 



d^C = 0, (45) 

that is, the Lagrangian density does not depend explicitly on x. 

From the algebra point of view, making the parameters of the group depend on x is equivalent 
to multiply the generators by arbitrary functions of x : 

X9'^^9e ^ Xl'(x)— = fl'(x)— (46) 



Xao-uge ^ _ o 

T fl 

The invariance is broken and in order to restore it we introduce the compensating fields k^^ (and 
their inverse q^: k^^^q^ = S^), whose transformation law under the local T{4) is given by: 



Xfc. = Sk": = kZ^^ . (48) 
^ ^ ^ dx" ^ ' 



We must consider the generators also acting on the new compensating fields: 



where 



^,a«,e ^ f>^{x)^ + k;d,f(-){x)^ (49) 



Xl = ^Zd,r{x) (51) 



= ^ + ^-^K,a - d.XPk^,^^ = k:d,dj>^{x) + kl,dj>^ - KJ.fix). (52) 
Note that the expression of Xy^-^ arises from the general expresion of X"^. 

Theorem 2. A (The Minimal Coupling): The new Lagrangian describing the matter fields as 
well as their interaction with the compensating fields k^^ 



L^attiV'", Vl, K) = l^raatt{^". ^^1) (53) 

is invariant under the gauge group in the sense that 

A^'""''£™a«(v'",V'^,A;;) = . (54) 

Theorem 2.B (The matter action): The new action describing the matter fields as well as their 
interaction with the compensating fields k^^ 

Smatt = j ALmatt{v",V"^,k'i[)d'^X (55) 

is invariant under the local T{4), where 



A = detiq"^) . (56) 

Theorem 3. A (The Lagrangian Cq for the compensating fields): The necessary condition 

for Co to be invariant under the local T{4) is that Cq depends on the fields and their "derivatives" 
only through the specific combination: 



Theorem 3.B (The action for the compensating fields): The new action describing the 
compensating fields k^^ 



So = J Co{k;, kl,) = J kU{T;,)d\ (58) 

is invariant under the local T{A) 
Conclusion: 

Starting with an invariant action under the rigid T{A) 

S = I £^att{v'",v"^)d^x (59) 
we have proved that the new action 



S = J £{^",^"^,k^,,k^,^,)d'x (60) 
is invariant under the local T{4), where 



£{^", ^" k^,, kU = ^mattiV'", k^,) + Mk^., kU (61) 



with 



CrnaiiW", ^l, k:) = AL^attiv", ^^^O (62) 



Co{k^,,kU = ^Co{T!:,) (63) 



A = det{q;) . (64) 

Remark: We can introduce in the theory gauge fields aI'^'^ associated with the action of the 
translations generators on the fibre. Nevertheless the matter fields components are inaltered under 
r(4) and we can impose the constraint k^ = S^-\-A^, so that the total number of degrees of freedom 
does not change. 
Geometrical interpretation: 

Using the compensating fields we can construct the metric tensor 



S'Aii- = «??P(7 (65) 

with Levi-Civita connection 

r;(^-^) = ^g^'^id.gp, + d^gp, - d^g,,) (66) 
and the curvature tensor of this connection 



r,a(L-C) ^ p^(L-C) _ pa(L-C) , ^a{L-C)^e{L-C) _ ^a{L-C)^e{L-C) ^.^-^ 
^^lipv — '-'p'- fiiy '-'i^'- lip ^ ep fiiy e/i /ip \^ ' J 

We can decompose the Levi-Civita connection in two parts: 

p(7(L-C) ^ p<T _ /^'<T (Qg) 

where 

r^j/ = ^'^p(i'li,v = ~(i'li^'^p,v (69) 

is not a Levi-Civita connection but a Cartan connection. The other term is known as contortion 
and is given by 

A- =l(V. + r/,-7;g (70) 

with 

T^j, can be interpreted as the torsion of the connection F^j,. 

Now we can see that the Hilbert-Einstein Lagrangian density, which depends on the scalar cur- 
vature of the Levi-Civita connection, is equivalent to a certain choice of Lagrangian Cl^^^ of the 
compensating fields k^^ in the gauge theory of the translation group: 

Cmlhert-E^nste^n = AR^^'^'^ = Ag"" R^^,-^'^ = AC^^^^ + divergence (72) 

where 

= T!:Xe [\rv^'v,p + I^V'X - vXv"') (73) 

which turns out to be the Lagrangian of the teleparallel description of gravity. Therefore we finally 
regain Einstein equations: 

- = . (74) 

Now we would like to present the corresponding jet-diffeomorphism formalism. We are allowed 
to define the bundle of the 1-jets of the group of diffeomorphisms 

where the equivalence relation is defined as follows: 



1) m = m' 



2) e(m)=e'^(m) 
3) d,e{m) = d,^'^{m) 

V(?^, m), (^'^, m') G Viff{M) X M. 

A coordinate system for [Vif f[M)) is {^^j'C^^}- Note that, as usual in jet theory, parametrize 
transformations in the tangent bundle of the base manifold M, T{M), which are not the derivative 
of the diffeomorphism of M, except for jet extensions. The quantization of gravity requires 
the elimination of the diffeomorphims constraints, so this parametrization will be very relevant at 
quantizing because the jets are not simple changes of coordinates, i.e., they are not "gauge" in 
the strict sense of leaving the solution manifold invariant pointwise. At this point we would like 
to remark that the structure just defined, {Vif f{M)) , can be identified with the frame bundle 
with the Minkowski space-time as base manifold. The general definition of the frame bundle with 
an arbitrary n-dimensional base manifold M is given by the following total bundle space 

F{M) = {{m, ai, a2, G M, (ai, a2, a„) basis of Tm{M)} (76) 

where Tm{M) is the tangent space of M in the point m. 

Note that the structure group of this bundle is the linear general group GL{n). This fact is the 
reason to take into account the gauge theory of this group among the possible gauge theories for 
gravity, as can be seen in the literature. 

It is also worth noting that given a group, the 1-jets of this group also has group structure in general. 
In order to allow in the theory the presence of the derivatives of the previous coordinates {^^,■^^^1, 
we define the bundle of the 1-jets of the 1-jets of the group of diffeomorphisms 

j\j\Vtff{M))), 

with associated coordinate system 

{e,e;?r-e,.}- (77) 

where in general / d^^^ and / dfjS,'^- In this framework the compensating fields A;^, which 
were introduced in the gauge theory of the space-time translation group in the previous section, 
may be now viewed as the jets of the diffeomorphisms of Minkowski space-time 

Then the Minkowski metric can be transformed with = A;^ and a metric g^i^ can be defined 
and thanks to the fact that the gauge theory of the translation group yields Einstein's theory, the 
same result follows in this construction. 

5 Mixing of Electromagnetism and Gravity 

The simplest procedure to approach the non-trivial mixing between electromagnetism and gravity 
is to consider the central extension of Poincare group as a rigid symmetry, by the group U{1): 



G = V®U{1) = V 



(78) 



Then the commutator of boosts and translations is modified in such a form that 

iK'^Pj] = ^j{^Po + ^) , (79) 

where S is the generator of U{1). The group index (a) now runs over {(^u) translations, (z/ci) 
Lorentz, (e/ec) f/(l)}. As a report on central extensions of Lie groups with trivial cohomology, i.e. 
pseudo-extensions, and the role that they play in representation theory, we refer the reader to Ref. 
[50] and references there in. 

According to [40] the Lagrangian for the free compensating fields should be a general function 
of the form 

£o = /:o(-^i:\-^i7\-^if^)), (80) 
where the presence of the mixing constant 

c;% = ->^{vpX - v.X) (81) 

in the electromagnetic field strength, due to the central pseudo-extension, is to be remarked, k being 
the coupling constant of the mixing. 

Let us suppose that the Lagrangian for the free compensating fields has the form: 



^0 = -k[T^l^T^^'^)^^ + T\t:^) , (82) 

where Jc-(e/e)Ativ ^ j:{ 

p rfP-fiP^ , and write the curvatures of the compensating fields in the following 

way: 

Tr(a) = h.<y ]r.P p(a) 

where 

p(a) _ A(a) _ A(a) , }_7^ I A(h) a(c) _ A{b) a(c)\ 
^ ap — ^cr,p p,(T ~ 2^'=^ ' ' 



Here, (a) runs over the entire group V and C^^ denotes its structure constants including the mixing 
constant (81). Explicitly: 



p{ele) _ A{ele) _ A{e^) _ }_nele (a{^)a{Sp) _ a{^)a{Sp)) 
^ 111/ P-,!^ 1^,P 2 P p p ^ ' 

with Ai'"^ = q^.Al^"^ and aJ'^ = g^Mi'^ = q^K - 51) = - q^. 

We have not considered corresponding to the subgroup of translations, because the Lorentz 

curvature is enough to describe pure gravity in vacuum. 
The Euler-Lagrange motion equations read: 



•e 



where 



The tensor 



= KKrj^' , 



dCo d ( djCo 



q-v(ele) — T?(ele)v T?(ele)a j_ ^ :v p(e'e) j-i(ele)(j\ 



(84) 



dx 

/id 2 P o-A /i ' 



'/i — '/i /i 



defines the energy-momentum tensor corresponding to the electromagnetic field (with Fa 
g'^F^f^), and 

is a direct consequence of the mixing, and it is quite particular, since in the absence of matter 
and considering the mixture between electromagnetism and gravity, we would have a non-trivial 
energy-momentum tensor. 

Equation (83) gives the form of the Lorentz potentials in terms of and their derivatives. 

Note that for the gauge theory of Poincare group in vacuum the Euler-Lagrange equation for the 
Lorentz potentials reads: 

LAtT^P _ lA^t^p _|_ UfiJ^P I (hP-h^ _ h^^h^\ A^'' — (hPh^ -I- hPh^\ A^'' — fl 

'^p-'-eO '^e-'-tp^ '^t-'-Op^ y'^p'^e '^e'^p)^t)u K'^t'^p ^ '^p'^t )^e)iy ~ ^ ^ 



whose solution is given in equation (107). In [13] the Lorentz potentials, in the case in which the 
existence of matter is also considered, are explicitly written (under some assumptions) in terms of 
the tetrad fields and their derivatives, and using similar steps one could obtain the explicit form of 
A^'^"'^ to the first order in k, but for the moment we shall not use this explicit result. 

Equation (84) can be rewritten in the form of Maxwell equations in a gravitational field, but 
containing an electromagnetic current JA'C™*^) made of gravitational potentials: 

with 

Jl,{m^^) ^ ^Cp^d^iAg^i^g'^ {AiP^ Ai'^^^ - A^^U*,''^))]. 

Note that if we do not consider the mixing between electromagnetism and gravity, the previous 
motion equations reduce to those of the case of gauging Poincare group in vacuum. 

In order to study the solution of the equations with mixture a good aproximation will be working 
at first order in the mixing coupling constant k since it is expected that its value is about 10~® 
times the electron mass [41]. 

The form of these equations is rather complicated, so that we shall restrict our attention here 
to the equation for the electromagnetic field: 

9^(AF("'")^^) = . 

Let us write the electromagnetic field of the theory with mixture to the first order in k: 

and, for simplicity, the rest of the compensating fields will be considered to zero order in k. 
Order by order in k, the electromagnetic motion equation leads to: 

Zero order. 

d.[Ag^^Y'{4!;^'-4f')] = 0, (86) 

which shows that /l[f'^''° is the usual electromagnetic potential in the presence of a gravitational 
field, without mixing. 

First order: 

dAAg^'Y'[A^:';^' - 4!:^' - lM;';Mi^^A^^^^ - A^A(^«)]} = , (87) 

]\/Tele — /^ele 

Here the Lorentz potentials aI^''^ coincide with the Lorentz potentials of the case of gauging the 
Poincare group in vacuum, A^"^^^' = ^T^^jp + ^{T^jp^ — Tp^rp) , since we are working to the first 
order in k. 

(ele)\ 

Note that a simple "mathematical" solution for Ap^p ' would be 

^t:';^' = \M;%A^^A(f) = = ) . (88) 



where the last equality follows from the antisymmetry of the Lorentz potentials ' = —A^ , and 
the latin index runs from 1 to 3. Just having a look at this result, we conclude that the electromag- 
netic field of the mixture theory between electromagnetism and gravity in the context of gauging the 
central (pseudo-) extension of Poincare group by U{1), contains an additional contribution made of 
pure gravitational potentials and this could be the origin of some electromagnetic force associated 
with (very massive) rotating systems, as aI^'-' is somehow associated with "Coriolis-like forces". 

5.1 Particle in the presence of the mixed electromagnetic and gravitational fields 

Now we would like to consider some situations of physical interest in order to proceed further in the 
understanding and consequences of the mixing between electromagnetism and gravity. A natural 
example is the "geodesic" motion. 

We shall apply the Minimal Coupling Prescription (developped in the previous sections) to the 
Lagrangian of a particle of mass m, momentum p^(= = m'^j^) and charge e: 



Cmatt = T^P^P.V""- (89) 

zm 

Now we have to replace by k1^{Pn — eA^f'^-*). Note that we are assuming that the particle does 
not have spin, that is why the term associated with the Lorentz subgroup does not contribute to 
the "covariant derivative". The modified Lagrangian reads: 

tmaii = ^KiP, - eA^'^WAPp - eA(;'^^)r^^^ = ^g^^p, - e4^'^))(p. - e^^'^)) = 

2 

^u^u'g,, - eu^Ai^'^^g,, + ^A^^'^^^ A^^'^^ g,, , 

although in what follows we shall neglect the misleading term ^A^^^^^^ A^^^^^'^ g which, by the 
way, does not appear when working directly with the Poincare-Cartan form instead of with the 
Lagrangian. 

We also consider the Lagrangian for the free compensating fields jCo{J-j{l\ J-lff\ J-jfJ'^'^) and the 

action S = J Cjotd'^x with Cjot = -^matt + A£o(-^/i^\ -^/i^'^''), invariant under the local 
group V{M). 

As regards the interaction between a particle and a field, in general, it is required to distinguish 
between the coordinates y" where the fields are evaluated and the coordinates x" for the particle. 
In Lmatt the fields are evaluated at the position of the particle, where the interaction occurs, but in 
£o the fields are evaluated at y" . 

Let us write the Euler-Lagrange motion equations: 



The equation for the particle, 

dC-Tot d f d£Tot\ „ . d Lmatt d j d Lmatt 



results in 



dx" (It V du'^ J dx" (It \ du" 







a^'T-^ = ^'^"i-d.g.a + ^d^g,.) - ^u^daAf^^ - 9^4^'^)) (90) 



Note that the Levi-Civita connection F^^^ "^^^ associated with the metric ^^j, is defined as usual, 
that is: 



and 



On the other hand, 



Then, we arrive at: 

9,^^ = -«"«'^r(t7/) - -u^id^Af'^) - 9,4^'^)) . (91) 

The last equation would be the usual motion equation for a particle in the presence of both gravita- 
tional and electromagnetic fields, although the difference manisfests itself in that the fields satisfy 
motion equations with mixing terms. 

Decomposing the electromagnetic field to the first order in k, 

the motion equation for the particle reads: 

gj-f- = -u^u'^vf-f ) - - 9,4^'^)°) - ^«^(9.4'^)i - 9,4'^)i) . (92) 

This equation is compatible with that obtained in Ref.[41] by group-theoretical methods, although, 
there, the results were given up to a lower order in the group law, making the exact identification of 
terms by no means direct. Putting the approximate solution (88) into (92), the general comments 
after (88) do apply here. 

As far as the field equations are concerned, and assuming that the Lagrangian density for the 
free compensating fields has the form A£o ~ A(!FjfJ'^'^ ^F^'^^'^"^'^" -\- J-^u"'^), the motion equations for 
the fields are similar to those of the previous section except for additional terms due to the presence 
of the particle: 

1) cS)4-)f(^'^)^^ + kXe - KT' + KX, + W - Kk41 - iki^K + km4l = 



2) dAAF^ 
with 



defining the total energy-momentum tensor, where 



^^raatt 



Similar comments to those made for equations (83), (84) and (85) also apply here. 

Finally, we consider these equations to the first order in k. In equation 1), the electromagnetic 
tensor is already accompanied by the constant C^^'g\ which is proportional to k, so that we must 
replace p{<^^<^)t^^ with the unmixed electromagnetic tensor in order to obtain an equation for the 
Lorentz potential to first order in k. 

With respect to equation 2) we have: 

Zero order. 

d.[hg^^^g^'{Aif^' - A[f')] = eu^ 
^(e/e)o ^j^^ usual electromagnetic field without mixing. 
First order: 

d^{Kcrcf\A^:^;^' - 4^:^' - \M;%{A(f)Af^ - A^'^A^rn) = 0. (94) 

As in equation (87), up to first order in k, the Lorentz potentials coincide with the Lorentz 
potentials of the gauge theory of Poincare group in vacuum. 

6 Outlook 

The possibility of formulating the Lagrangian version of the already proposed revision of the Higgs- 
Kibble mechanism, in a group approach to the quantization of Yang-Mills theories [45], to provide 
mass to the massive vector bosons, using only the group parameters without extra fields, is also 
expected to be carried out in the near future. 

Related to the unification between gravity and the internal gauge interactions it is also known that 
a semidirect action of the group of diffeomorphisms on the gauge group 

Viff{M) ®* G{M) 

exists and that given a gauge group G{M) it is possible to find a formal group composition law for 
G{M). Therefore we can also find a group composition law for that semidirect product of groups, 
what implies a non-trivial mixture between gravity and the internal interactions. This new mixing 
just proposed here is quite different from the one described in this work and deserves further study. 

Appendix. Lagrangian Formalism on J^{ J^{E)) 

The space { J^ {E)) is the bundle of the 1-jets associated with the fibre space { J^{E), M, tt^). The 
coordinate system for J^{ J^{E)) will be defined by 



(93) 



(95) 



A Lagrangian density of type C^'^ is an application of J^{ J^{E)) on R. 

The 1-jet prolongation of (/j^, = is the only section of { J^ { J^ {E)) , M, tt) such that 

is an injection of T{J^{E)) into T{J^{J^{E))) and 



il,la I 
jl.lo' I 



(96) 
(97) 



where the structure forms 9^'^ are now 



= dy" - z'^^dx" (98) 

el''" = dy"^ - z^Jx^ (99) 

The jet extension (prolongation) condition requires 

= d,y" (100) 

= (101) 

Given a vector field on J'[E), X' £ r[T[j'[E))), its 1-jet extension (or prolongation) through 
the injection j' is the only field j'{X') = such that it is an infinitesimal contact transformation, 
i.e., 

L^-i = Ay^'^^ + (102) 



nl,la _ AO.; nl,lf3 , A"',!^ ol 

where the 1-jet extension of X' is determined from the general form of X^'^ 



^xi^i'^" = <;X'^"+<;X'^" (103) 



Hence 



X^'i = X^-^ + X«-^ + X«-^ + X«-^ + X« (104) 

dxt' dy" ^ dy'il '^9^,7, dz"^^^ ^ ' 



A- - ^ - ^ f 1051 

fix" flY" 
A"^ = ^-zlf-\ (108) 



and the components X"^, X"^^ read: 

B IC^- B Y'^ 

va _ _ a I /!«; fj A'y.;a n /-, -, 

^i',!^- Q^f, ''''' dxt' + + ^iy;/3^(7,A* U-LUj 

Given a Lagrangian density C^'^, the Hamihon functional S^'^ is the application of r(J^(£')) on 
R defined by 



S'^'{^')= C'^'{j'{v'))i. (Ill) 

The Hamilton Principle states that the trajectories of the variational problem are the solutions 

of 



ji(vi)(M) ^ 



L.,(£i'i(/(v.i))c.)) = (112) 



vxi G r(r(ji(^))). 

This principle leads to a set of Euler-Lagrange equations of the form 



=0 (113) 



Given a the Poincare -Cartan form is given by 



(114) 



e^^ = + ^I'l" A + ei^^" A (115) 



where 



^ 9;^^^ (117) 



6*^ = (-)^rfa;°A...Arfi^A...Arfa;3 (118) 

Given @pQ< on J^[J^[E)) the modified Hamilton functional 5'^'^ is the application of r(J^(J^(£'))) 
on R defined by 



(119) 



Vv^i'i G r(ji(ji(^))) 

The Modified Hamilton Principle states that a cross section is critical if and only if 



(55'1'1)^m(X1'1) = / Lx^aQ'pc = (120) 



The critical sections are thus the solutions of 



^XMf^0pclc,M =0 (121) 

from where the system of equations which come from the coefficients of Xj^ and X^l read 
respectively: 



V^a^A* V 9^«^ ydxi^ 



When this system admits the trivial solution (regularity condition for C^'^), the 1-jet prolonga- 
tion condition is satisfied, and then the remaining equations (from the coefficients of X" and X" 
respectively) 

reproduce the Euler-Lagrange equations of the Ordinary Hamilton Principle and thus both principles 
are equivalent. 
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